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Abstract In topology there is a well-known theorem of Atyiah which states that for a 
connected compact Lie group G there is an isomorphism R{G) = Ko{BG) where BG 
is the classifying space of G. In the present paper we consider an algebraic analogue 
of this theorem. In the paper by B.Totaro [8] it is shown that the lira Ko{BGi) is 

equal R{G) for a specially chosen sequence BGi. However, to compute Kq{BG) one 
needs to prove that lim ^ Ki [BGj) vanishes. For a split reductive group G over a 
field we present another aproach and prove that the Borel construction induces a 
ring isomorphism R(G)j^ = Kq{BG), where Iq is the fundamental ideal of R{G). 

This statement can be formulated in terms of equivariant /C-theory as; (pt) = 
Ko(BG). The main aim of the present paper is to extend this result for higher K- 
groups. Namely, we prove that there is a natural isomorphism 

KG(^t)j^ - K„iBG), 

where K^{pt) is Thomason's G-equivariant K-theory defined in[3], BG is a motivic 
etale classifying space introduced by Voevodsky and Morel in [6] and for a motivic 
space X the group K„{X) is defined as Homu. {S^ A BGL X Z){[10], thm. 6.5) 

1. Introduction 

We will work over a field k. Morel and Voevodsky in ([6],Def. 4.2.4, Prop 4.2.6) 
constructed the etale classifying space of a linear algebraic group G in the form BG = 
[JBGm, where BGm = EGm/G and EGm are fc-smooth algebraic varieties with a 
free G-action, connected by a sequence of G-equivariant closed embeddings ik 



^ {EG),n {EGU+i 



The motivic space EG = [jEGm is - contractible with a free G-action([6], Prop. 
4.2.3). We consider a split reductive afhne algebraic group G. A G-equivariant vector 
bundle over the pt = Spec{k) is the same as a fc-rational representation of G. So, we 
will identify these two categories. Notice that this identification respects the tensor 
products. In particular, we will identify Thomason's K§{pt) with the representation 
ring of /c-rational representations R{G) of the group G. 

The Borel construction sends a G-equivariant vector bundle V over the point to the 
vector bundle Vm = (V^ x EGm)/G over BGm- This construction respects tensor 
products. Therefore it induces a Kq {pt)-niodu\es map 0,„ : K^{pt) Kn{BGm)- 
Obviously, (j)m = im* ° 0m-fi, where im '■ BGm — ^ ^Gm-i-i is an embedding induced 
by im- As we will prove below (Proposition 3), Kn{BG) = ]^Kn{BGm)- Combining 
all these, we get an {pt)-modu\e map 

'S>n:K^ipt)^Kn{BG)- 

We will write Borel'^ for $„. Let Iq be the kernel of the augmentation 
K^ipt) ^ Koipt)=Z. 

Theorem 1 (main) : 

In the following diagram both maps are Kq {pt)-modu\e isomorphisms 

_ _ Borel'^ — completio7iG , „, 

-if„(i?G),^ if„(SG) , 

where Borel^ is the Iq completion of Borel^, and completiona is the canonical map. 
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The main idea of the proof is the reduction to a Borel subgroup B of G. For the Borel 
subgroup B the Kq {pt)-inodules Kn{BB) and K^{pt) can be computed expUcitly. It 
results in 

Theorem 2 The Borel construction induces an isomorphism 

Borel!^ — cid 

K^{pt)i, Kn{BB),^ KniBB) 

To make a reduction to the Theorem 2 we prove 
Theorem 3 There is a commutative diagram of the form: 



. — — — . Borel^ — — 

(1.1) KG{pt)j^ ^ ^n(BG)/, Kr^iBG) 



— — BoreW . — _ _ , , 

K^{pt)i, ^K^{BB)j^^^ K,,{BB) 

ind I 

' ' 

BorelS ■ — 

K^{pt)ia Kr,{BG),^ K^{BG) 

With ind o res = id, p^, o p* = id, p^op* = id. 

Remark. Clearly main theorem follows from theorem 2 and theorem 3. Now we 
are working on the generalization of this result for the case of non-split reductive 
algebraic groups. 

Acknowledgements. Authors are grateful to Prof. Ivan Panin for constant 
attention and useful suggestions concerning the subject of this paper. 

2. Auxiliary results 

In this section we prove some properties of pullback and pushforward morphisms 
for functor. Thomason in [3] developed G-equivariant K-theory.(c.f. 

Merkurjev's paper [2]) 

Definition 1. Let X be a G- variety. We consider an action fi^ : G x X ^ X and 
a projection p^ : G x X ^ X. Let M be an Ox-module. Following [2] we will call 
M a G-modulc if there is an isomorphism of Ocxx-modules a : /i^(M) — >■ p^(M) 
such that the cocycle condition holds: 

P23(") ° iidc X fJ-xTia) (m X idx)*ia) 

where p23 '.GxGxX^GxX is a, projection and m:GxG— >-G'isa product 
morphism. 

Definition 2. We denote by P{G; X) a category of locally free G-modules on X. 

Definition 3. Equivariant /iT-functor K^(X) define as Kn{V{G; X)) 

Lemma 1. Let / : X — > y be an equivariant morphism and let M be a G-module 
on Y 
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Then f*M has a structure of G- module on X. 
Proof: 

Consider the following diagram: 



GxX 



idcxf 



px 



Py 



f 



We construct a as a composition of isomorphisms: 

Pi/*M ^ {idc X fYp^yM 



(idGX/)*/3 



^X,f*M 

Here P is a G- module structure on M. The cocylce condition for a immediately 
follows from the cocycle condition for p. 

Corollary 1. For any equivariant f : X Y we have exact functor 

r ■.V{G;Y)^r{G;X). 

It induces a puUback morphism K^{Y) K^{X). To simplify notation we will 
also denote it by /*. 

Remark 1. Let X,Y be G- varieties, f be a G-morphism, M be an Ox-module, N be 
an Ocxx-module, F^idc x /. Consider the diagram: 



GxGxX GxGxY 



GxGxX GxGxY 



mxidx 

GxX 

fix 

X- 



idoXfix mxidv 
F 



idcXfiY 

GxY 
■Y 



GxX- 

Px 

X — 



P23y 

GxY 

PY 

-^Y 



Notation 1: 

Since all vertical arrows arc flat, we have natural isomorphisms ([1] Prop. 9.3): 

hhf,{M) : fi*yWf^M WF^n*xM- 
hhp{M) : p*YR'f*M R'F^p*xM 

hK,y.td{N) : (to X idyfR^F^N -> R^ida x F)^{m x idx)*N; 

hhp-AN) : vhYR"F*N ^ R^i^^G x F),.pl^^N- 

hKda^^t.{N) : {ida x tiyTR'F^N ^ R'itdc x F),{idG x fix)*N; 

Note that since //.y o (m x idy) — iJ-y o (ida x fiy). two isomorphisms coincide: 
hh^MGX,,{M) ■ {'id X ^i.y)*^i\.Wf^M R'iida x F)^{idG x iix)* l^*^M and 
hhf,,,„xuiiM) : (to. X idy)* ^il.R\UM R^ida x F)*(m x idx)* ti*xM 
Similarly, tlicTC is another pair of equal isomorphisms: 
hhp,p^^{M) : pl^^p*yWfM R'iida x F)^p*^^p*^M and 
hhp^mxid{M) : (to X idy)*p^R^fM R'iida x F)^{m x idx)*P*xM 
We need the following lemma about compostion of this isomorphisms. 
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Lemma 2. Consider the following diagram: 

/3 




Here q and Q are flat, X2 = Xi Xy^ Y2, X3 = X2 Xy^ Y3. Let M be an -module. 

Define 

hhi : q*R\fu R'h*t* 

hhi2 ■■ Q*q*R\fi* ^ R'h*TH* 

hh2 : Q*R' f2* R^f3*T* to be natural isomorphisms given by Prop. 9.3 [1]. Then 
the following diagram commutes: 



Q*q*R^fuM 



'hhi(M) 



Q*R'f2*t*M 



hh2{t*M\ 



R'h*T*t*M 



Proof: 

Since the statement is local on Yi, wc consider the case when all Yi are afhne, 
Yi = SpecAi. If F is R- module, we will denote by F the corresponding sheaf on 
Spec R. Recall the construction of hhi. Let M be an O^i -module. Then 

i?7*(M) = Hi{X^My, q*R^fuM = A2 ®a7h^X^,M)- Wf2,t*M = Hi(x^*M). 
Let Ui be an afSne covering of Xi. Denote by .K" = C{Xi,A4) the corresponding 
Chech complex. Since Yi and I2 are afhne, t~^{Ui) is the afhne covering of X2. For 
this covering we have that A2 <8)Ai K is a, Chech complex of X2-module t*M. Then 
hhi is an obvious morphism 

A2 H\K) ^ H\A2 (^A, K) 

which becomes an isomorphism since A2 is flat over Ai. In similar way one can 
construct hh\2 and hh2- Then one can rewrite the diagram as 



As ®A2 M <8)Ai n\K) 



A3 (8) A, H\A2 0Ai K) 



hh2{t*M\ 



hhi2{MT 



Which is trivially comiinitative. 



W{A3 (S>A, K) 



Lemma 3. Let / : X — > y be an equivariant morphism and M be a G- module on 

X. Then for any i R'f^.M has a structure of G-module on Y. 

Proof: 

Let /3 : /x*M — > PxM be the G-structure on M. Consider the following base-change 
diagram: 
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G X X 



px 



■.X 



idoxf 



G X Y =g:y 

PY 

Since fiy and py are flat, we use Proposition 9.3 from [1]. Sheaf isomorphisms 
hh^{M) and hhp{M) are described in Notation 1. Define a to be the unique 
isomorphism such that the following diagram commutes : 



^.*YB}f*M R\id X f)*iJ,*xM 

hh„(M) . ' 

p*YR'f*M '-—^ W{id X f)^p*xM 

Now we have to check the cocycle condition for a : 

P23 * (a) o (idc X ^y)*(Q:) = (m X idy)*(a) 
This means commutativity of this diagfam: 



{ida X hy)* ^.*yB} f*M 



P23*(a)o(idG x/iy)*(a) 



(to X idY)*^iYR'f*M ("X'^^y) (") — ^ ^ idY)*P*YR-f*M 

Let = idc X /• Subdivide this diagram into the following blocks: 



[ida X iJiY)*IJ'YR''f*M ■ 



R\idG X F)^{idG X iix)*IJ-*xM ■ 



R}{idG X F)*(m x idx)*li.*xM ■ 
(to X idY)*R\idG x f)*^.*xM - 

(mxidY)* hh~'^ (M) ^ 

(to X idY)*fil^R\UM - 



R^idG X F).p*2^^p*xM 



R'{idG X F)(to X idx)*P*xM 
(m X idY)*R'iidG x f)*p*xM 



(mxzdy)* (a) 



(to X idY)*PYR"f*M 



Square 2 is an image of cocycle diagram for M and therefore commutative. 
Square 3 arises from functor isomorphism 

R^{idG X idc x /)*(m x idx)* = {m x idY)*R^{idG x /), ([1], Prop. 9.3) applied 
to G-module structure (3 : n*xM — >■ p*xM So, it commutes. 
Square 4 is commutative by definition of a. 
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It remains to show the commutativity of square 1. Let F = idc x F. Rewrite square 
1 as follows: 



M- 



(idx fi)'*' hh/j^ 



(id X /iy)*_R»F*/i^M-^-^-s-(id x ^lY)R''F*p*^M 



1.3 



R^F,{id X ^tx)*M3f Af- 



-R^t\{id X nx)*P*xl^= 



1.5 



'R'F,p.2,i^P*xM 

Square 1.1 is an image of functor {idc x hy)* applied to the diagram that defines 
a. Thus it is commutative. Commutativity of 1.2 follows from Lemma 2 and Prop. 
9.3 [1] applied to the base-change diagram 

GxGxX — - — ^-^GxGxY 



pyo(i(iX/Hx)=/iXOP23 5 



X 



Square 1.3 is an image of functor p\^^ applied to the diagram defining a and 

therefore commutes. 

Prop. 9.3 [1] gives us an isomorphsm of functors {idc x ixy)*R^F* — R^F{idc x ixx )* ■ 
Applying this isomorphism to /3 : yU^M — > p^M we get commutativity of the square 
1.4. 

In a similar way we get commutativity of the square 1.5. 

So commutativity of 1-4 is proved. According to Lemma 2 the composition of 
vertical arrows is the identity. So a satisfies the cocycle condition. 

Corollary 2. If f is projective we can define the pushforward map /* : K§{X) 
Kq(Y) by sending M to the alternating sum of R'^f^,{M). 

To describe the pushforward for higher if -functors we need the following lemmas: 

Lemma 4. (Equivariant version of Proposition 9.3[1].) Consider the base change 
diagram 

F 



Q 



where X, Y, A, B are G-varieties; /, F, Q, q are G-morphisms; / is flat. 

Let M be a G-module on B. Then there is a natural G-module isomorphism on X : 

f*R'q.M ^ R}Q,F*M. 

Proof: 

By Propostion 9.3 from [1] we have a natural isomorphsim of Ox-modules 

hhx,YA.B ■■ f*R\*M R'Q,.F*M. We need to check that hhx,Y,A,B is a G- 
morphism. That means commutativity of the following diagram: 



,x\rR'qM 



G— structure 



lj.*xR'Q*F*M 



G— structure 



-P*xf*R'q*M 

Pxhhx,Y,A,B 

■ p*xR'Q*F*M 
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Consider the diagram: 



G X A ^ G X B 



id 




For any square in this cube denote by hh (with corresponding subscript) the 
isomorphism arising from prop. 9.3[1], apphed to this square. We rewrite the G- 
structure diagram: 



■p*^rR'q,M 



{id X f Yn^R'qM ■ 

iidxfrhh'^^Y.Y.GxB.B(M) 

{id X f)*R'{id X q)»ti*BM- 

hhGxX,GxY,GxA,GxB{HB^) 

R\id X Q)*{id x F)*fi*sM 



R\id X Q)^ii*^F*M- 



{id X f)*p*yWq^M 



GXY,Y,GXB,B 



(M) 



{id X f)*R'{id X q)*p*BM 



hhGxX,GxY,GxA,GxB{PB^) 



R^{id X Q)*{id x F)*p*sM 



W{id X Q)^p\F*M 



hh 



GxX,X,GxA,A 



hh- 



GxX,X,Gy.A,A 



ti*xR'Q*F*M- 



■p*xR'Q*F*M 



Square 1 is commutative because of the definition of the G-structure on puUback. 
Square 2 is an {id x /)* image of the G-structure diagram for R^qt,M. Thus it 
commutes. 

Square 3 arises from the functor isomorphism {idxf)*R^{idxq)t, — >■ R'^{idxQ)^{idx 
F)* applied to the G-structure isomorphism /U^M — > p*gM. So it commutes. 
Square 4 is commutative because of the definition of the G-structure on puUback. 
Square 5 is commutative by the definition of the G-structure on R^Q^F*M. 
By lemma 2 compositions of vertical arrows are equal to iJL*xhhx,Y,A,B and p*xhhx,Y,A,B- 
This concludes the proof of Lemma 4. 

Lemma 5. Let X,Y be smooth G-varieties, G - a smooth reductive afEne algebraic 
group and -k : X xY ^ Y a projection. Moreover let X be projective and Y be 
connected 
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Denote by Vtt{G] X xY) the full subcategory of V{G\ X xY) consisting of locally 
free G-modules P such that R'^tt^P = for fc > 0. 

Then any G- module M possesses a finite length resolution of the form 
M -s^ po ^- ^ . . . ^ ^ with P* G OB{V^{G\ X x Y)) 
Proof: 

First we prove that for every M there is an embedding M P° . We will construct 
P° in the form of M{n) for a large enough n. To do this, we construct a very ample 
G-equi variant sheaf Ox{i) and an G-equi variant embedding i : X ^ such that 
Ox{l) = i*Op(l). Let L be a very ample line bundle. By corollary 1.6 of [5] L^'' 
is G-equivariant for some k. Then it defines the action of G on F = T{X, L®'') 
and equivariant morphism i : X ^ P(l/) which is an embedding since L^^ is very 
ample. Then we set Ox{l) = L'^''- 

The standard embedding of the tautological bundle rp(y) V x F{V) gives us a 
G-equivariant embedding of locally free sheaves 0p(y) (—1) ^ Op(y) ® . . . ® C'p(y) • 
After twisting by C'p(l) we have C'p(y) ^ Op(T/) (1) © ■ ■ ■ © C'p(v) (1) . Inductively we 
have the G-equivariant embedding C'p(y) ^ C'p(y) (n) © ... © Op(v) (n) . Applying 
i* we get 

Ox ^ Ox{n)® ...®Ox{n). 

Define Oxxy{^) = 7r*C'x(l)- Applying tt* we get an equivariant embedding 

M ^ M{n) © ... © M{n). 

for an arbitrary locally free G-module M. Clearely it's cokernel is G-equivariant. 
It's easy to check that it is a locally free sheaf. Then for every locally free G-module 
there is a resolution consisisting of direct sums of modules of the form M{n) 
Let us show that M{n) lies in V-^{G\X x Y) for a large enough n. i?'^7r*M(n) is 
associated to a prcshcaf V ^ H^{X x V,M{n)). Consider a finite afRne covering 
Vi of Y. By Scrrc's theorem H^{X x Vi,M{n)) equals zero for n > rij. Thus 
R^'K^.M{n) = for n > um — rnax{ni}. 

It remains to show that this resolution ends at some finite step. Let N = dimX x 
Y. Let G° be a cokernel or the first resolution step: ^ M P° ^ G° 0. Then 
we have the exact sequence 

= i?^7r*P° ^ P^7r*G° ^ P^+V*M = 0. 

So, R^TT^C^ = 0. For the second cokernel G^ we have the exact sequence — >■ 
(oo _^ pi ^ ^ 0. Then 

= P^-V*pi ^ P^-V*Gi ^ i2^7r,G° = 0. 

So, P^-Itt^G^-i = 0. By induction we have all R^-k^C^ = 0. Then G^ e 
Ob{V^{G;X X Y)). 

Corollary 3. Let f be a G-equivariant projective f : X ^Y. That means, there 
is a G-equivariant decomposition 

y X P" 

X ^Y 

Here i is a closed embedding and tty a projection. Since all R^'i^.M = for any 
G-module M, k > 0, we have two exact functors i*P(G; X) V{G; Y x P") and 
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Try* : V-n^ (G; Y x P") ^ P(G; Y) By QuiUen's theorem, the inclusion (G; F x 
P") C V{G]Y X P") induces an isomorphism 



A'„(K^(G;r xP")) 



KniViG; r x P")) = Ki^{Y x P") 



Then we can describe the pushforward map /, : K^{X) — > K^{Y) as the following 
compostion: 

K^{X) -^'k^{Y X P") ^iV„(K^ (G; y X P")) K,,{riG; Y)) = K^{Y) 



Lemma 6. Under the notation of Lemma 5, we have a commutative up to an 
isomorphism diagram of exact functors. 



(2.1) 



K^o, (G; EG J X G/B) 
V{G-EG,)^ 



{ij X id)* 



.P.,^^^^{G;EG,+,xG/B) 



■ V{G] EGj^ 



Proof: 

To simplfy notation let Hj — tteGj and Vj = 'P-keg {G;EGj x G/B) Let us prove 
that Vj+i is mapped to Vj under {ij x id)* Let M G Ob(Vj+i). Let dim{EGj x 
G/B) = iV. Then R^+^iTj^ij x id)*M = 0. By corollary 2§5 of [4] 

T:j^{ijXid)* M®Oeg My) = H'^ {EGjX{y},{i^xid)*M) ^ {EGjX{y}, M) = 



Then _R^7rj,(ij x id)* M ~ 0. By induction we obtain that all R^ix.j^i*Al = for 
A: > 0. Then i*^M G Ob{'P). Now we prove the commutativity of the diagram 12.11 
up to a natural isomorphism. By remark 9.3.1 of [1] we have a natural morphism 
hh : i*7rj+i*Af — > TTjt,{ij x id)*M. One can easily see that for any y G EGj the 
following diagram commutes: 



7rj*{ij X id)*M ® k{y) 
(1) 

r(y X G/B, (ij X id)*M) 



T(yxG/B,M) 



hh(g>k(y) 



i*TTj+i^M®k{y) 



TTj+i^M ® k{y) 



(2) 



r(yxG/B,M) 



Here the arrows (1) and (2) are natural isomorphisms given by corollary 2 §5 of [4]. 
So, hh ® k{y) is an isomorphism for any point y of EGj. Therefore hh is a natural 
isomorphism. So, the diagram (|2.ip is commutative. 



Lemma 7. Under the notation of Lemma 5, for each j ^ the functor 
n* : V{G;EGj) V{G;EGj x G/B) 
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takes values in the subcategory V-keg {G',EGj ^ GjB). As a consequence the 
fohowing diagram of exact functors commutes up to a natural isomorphism. 

(2.2) V{G;EGj)^ V{G;EG,+i) 



(G; EG J X G/B) ^ V. (G; EG,+, x G/B) 

■> (ijXid) 

Proof: 

To simplfy notation let TTj = T^EGj and Vj — Vtteg i^'^EGj ^ ^ / First we 
prove that tt* maps V{G]EGj) to Vj. Let M be an object of ViG^EGj). Then 
R^iTj^n*M is associated to the presheaf F ^ H^{VxG/B, n*M). Let V be an afSne 
open subset of EGj. Let {Un} be an afSne covering of G/B. For any intersection 
W — Uni n . . . n ■ we have 

n*M{V xW)= M(V) ®Oeg^{v) Oeg,xg/b{V xW)= M{V) ®k Og,b{W). 

Then Chech complex C{{VxUn}, 7r*M) equals M{V)®kC{{Un} , Oq/b)- Consequently, 
Rf^iV X G/B,Tr*M) = M{V) 0fc H^{G/B,Og/b)- 

By proposition 4.5 from [7] H''{G/B, Og/b) = for fc > 0. Then tt^^M e Oh{Vj). 
The commutativity of (j2.2p trivally follows from the equality 7rj+io(ij xid) = ijO-Kj. 

Lemma 8. Composition tteGj* ° ^bGj naturally isomorphic to id-p(^G;EGj)- 

EG ■ EG ■ * 

V{G- EG,) i r^EG, {EG J X G/B) i. v{G- EG,) 



Proof: 

Let M 6 Oh{V{G\EGj)) The sheaf t^eGj*t^*eg -^'^ associated to presheaf V H> 
7r|;(5_. (M)(F X G/B). Since 7r|;Q^M is a sheaf associated ioW ^ M{-keGj{W)) we 
see that TrEGj*T^EG associated to the presheaf V M> M{V). So, in category of 

presheaves TTEGj*'^EGj — -^PPlying the sheaffication functor to this isomorphism, 
we get a natural isomorphism '!TEGj*T^EG -^^ ^ 
The same reasoning proofs 

Lemma 9. Composition TTpt* o tt*^ is naturally isomorphic to id-p(^G;pt)- 

P{G;pt) V.^AG/B) V{G;pt) 

Lemma 10. Under the notation of Lemma 5, we have a commutative up to an 
isomorphism diagram of exact functors. 



(2.3) P.,, (G; G/B) ^ P^^g, (G; EG, x G/B) 

V{G-pt) — ^V{G; EG,) 

Proof: 

Let us prove that V-^ptiG; G/B) is mapped to Vt^eGj i^', EGj x G/B) under tt^^^. 
Let M G Ob{P^pAG; G/B)). Then by prop 9.3[1] R^tteg, {'^*g/b^''^) isomorphic to 
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■Kp^{R^iTpt*M). The latter sheaf is zero by definition of 'Ptt^^{G\G / B) for A; > 0. So, 
for /c> we have R^t:eg, {-^h/B^'^) = t^en t^q/^M e ObiV^^^^ (G; EG^xG/B)). 
Commutativity of the diagram 12.31 foUows immediately from lemma 4. 

Lemma 11. Under the notation of Lemma 5, functor 

n;t:P{G:,pt)^P{G;G/B) 

takes values in the subcategory VTr^^{G;G / B). As a consequence the following 
diagram of exact functors commutes up to a natural isomorphism. 

(2.4) V{G-pt) ^-^ ^r{G-EGj) 

K,. (G; G/B) P.^a, (G; EG, x G/B) 

Proof: 

We prove that 7r*( maps7'(G;pt) toP^.^(G; G/B). Let M be an object oiP{G\pt). 
Then R''TTpn,7T*^M is a vector space H''{G/B, 7r*fM). Let {C/„} be an affine covering 
of G/B. For any intersection W = Un^ fl . . . n . we have 

^;,M(VK) = M®fe Og,b{W). 

Then Chech complex G({[/„}, 7r*jA/) equals M (X)fe G({[/„}, Og/s)- Consequently, 
H^{G/B, 7T*M) ^M®k H>'{G/B, Og/b)- 

By proposition 4.5 from [7] H^{G/B,Og/b) = for /c > 0. Then Tr^t^M £ 
Oh{PT^^^{G]G/B)). The commutativity of (|2.4p trivally follows from the equality 

Remark 1 As we can see from proofs of lemmas 6-11, we can replace G/B by 
any projective G-variety X such that h^{X, Ox) = 1 and h^{X, Ox) = 0. for i > 0. 



Proposition 1. There is a commutative diagram with TTEd* ° ""bG; ~ 'i-dK'^{EGi)j 



K^{G/B) 



■K?AEG,) 



'EGi 



"G/B 



K^{EG^ X G/B) 



K^iEG.) 



Proof: 

By lemmas 10 and 11 we get the following commutative categories diagram with 
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exact arrows 
(2.5) 



ViG;pt) 



■V{G- EG J 



V.JG-G/B) 
V{G-pt) 



. . (EG, X G/B) 



■V{G; EG J 



Recall that, by Quillen's theorem and lemma 5, categories inclusion Vt^^^ (G; G/B) C 
V{G;G/B) induces an isomorphism Kn{V{G\G / B)) Kn{V^^,{G;G/ B)). Then, 
applying Kn to diagram (|2.5I1 gives us 



K^{G/B) 



■K^{EG,) 



K^{EG^ X G/B) 



K^(EGi) 



Equalities T^Ed* ° ^Ed ~ *<^K^(£;Gi) ^i^d 7i'pt*7i'pt = idR'^ipt) immediately follow 
from lemma 8 and 9. 

Remark 2 In particular, we get a well-known fact that the natural ring map 
R{G) R{B) is injective. 

Remark 3 By remark 1, we can replace G/B in statement of proposition 1 by 
any projective G- variety X such that hF'{X, Ox) = 1 and h'''{X, Ox) = 0. for z > 0. 

Proposition 2. The Is-adic topology of R{B) coincides with the Iq ■ R{B)-adic 

topology. 

Proof: 

Let T be a maximal torus in G. Then R{B) = R{T) and Ib = It, where It is the 
ideal of zero-dimensional representations of T. We will prove that y/Ic ■ R{T) — It- 
Denote by = Nq{T)/T the Weil group of G. The group W acts by conjugation 
on R{T). It is known that is a finite group and R{G) is the ring of invariants of 
W: R{G) = R{T)^. We prove the following statement: 
If g is a prime ideal of i?(T) and q n R{G) D Iq- Then q D It- 

Let X € It- Let n — \W\ and W — {ai, . . . , cr„}. For any symmetric polynomial 

/ we have that f{x°"^ . . .x"'") is invariant under M^-action. Then f{x'^^ . . .x"^") G 
i?(G) n It = /g ^ RiG) n q. Then f{x''^ ...x"") G q. Denote by /i . . . /„ the 
elementary symmetric polinomials. It is easy to see that a; is a root of polynomial 



Hit - = - hix''' ■ . + . . . + i-irux'^' - . .x^"). 



13 



So we have -/i(a;'"i . . . + . . . + (-l)"/„(a;^i ...x"") = 0. 

Then x" = -{-fiix"^ + ... + (-!)"/„ (a;<^i ... a;""")) e 9. So a;" e g. 

Since g is prime, x G q. This ends the proof of the statement. 

Consider A = {p \ p — prime, p 3 Iq ■ R{T)} Our statement impHes that It is a 

minimal element of ^4. So, 



■ R{T) = n = 



Since R{B) = R{T) and Ib = It, we get ^ la ■ R{B) = Ib- Since R{B) is 
noetherian, it implies that I"^ C Iq ■ R{B) for some m. Then Ib and Iq ■ R{B) 
determine the same topology on R{B). 

Proposition 3. Kn{BG) = ^K„(BG^) 
Proof: 

By [6] we have the following exact sequence: 

^ l^'Kr,+,{BGi) ^ ^ l^Kr,{BGi) ^ 

Let us show that lim^i^„(BGi) = 0. for any n > 0. 

We prove that the sequence Kn{BGi) is a direct summand of the sequence Kn{BBi). 
By proposition 1 of [2] We have Kn{BGi) = K^{EGi) Since we can choose EGi as 
a model for EBi, we obtain Kn{BBi) = K^{EB^) = K^{EGi) = K^{EGi x G/B). 
So, in fact, we prove that the sequence K^{EGi) is a direct summand of the 
sequence K^{EGi x G/B). 
To simplify the notation denote 'Pj — 'Pheg. 

. {G; EGj xG/B). By lemmas 6 and 7 
we obtain a commutative diagram with exact arrows: 



(2.6) 



V{G;EGj 



{ij X id) * 



■V{G;EGj+,) 



{ij xid)* 



■ViG;EG,+i) 



V{G-EG,)^ 

By lemma 8 the composition 

V{G; EGj)^^Vj 

is naturally isomorphic to idpi^G;EGj)- the proof of Lemma 6 it is checked that 
{ij X id)*{Vj+i) C Pj By Lemma 5, each G-module in V{G;EGj x G/B) has a 
finite resolution consisting of sheaves from Vj . Then by the Quillen's theorem we 
get the isomorphisms aj such that the following diagram of groups commutes: 



■V{G; EGj 



(2.7) 



Kn(r,) 



K^{EGj X G/B) 



{ij xid)* 



{ij X id) * 



Kn{V, + ^) 

\ 

K^{EGj+^xG/B) 
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In Corollary 3 we defined ttj* : K^{EGj x G/B) Ki{EGj) as the composition 
of 



,^ ^ ^^^^ ^ K,{V,) K?{EG,) 

Commutativity of the diagrams (j2.6p and (j2.7p gives us a commutative diagram: 



K^iEGj X G/S) 

nutj 

(2.8) i^,?(i?G,) ^ 

if«(ii;G, X G/S) 
K^iEG,) ^ 



{ij X -irf) * 



■K^{EG,+,) 



{ij xid) 



— K^{EG,+ixG/B) 



As we have shown, compositions of vertical arrows are identity, so K^{EGj) is a 
direct summand of sequence K^{EGi x G/B) — Kn{BBj). Since \^m^(Kn(BBj)) = 
we get lim^(jir^(£'G,-)) = 0. It remains us to show that \\m{Kn{BBj)) = 0. Let 
T be a maximal torus. Since B/T is afhne space, we have that BTj — !> BBj is locally 
trivial with strats being affine spaces. Then pullback map Kn{BBj) — !> Kn{BTj) is 
a natural isomorphism. Since G is split, T is a split torus, T = Gm x . . . x Gm- Then 
BTj = PJ X . . . x PJ'. So, Kn{BTj) = Kri{pt)[ti . . . ..ti+^). Embedding 

puUbacks act as follows: 

tk mod {t\+\ ...ti+^)^ tk mod (4, . . . ti) 



Then all morphisms in the sequence . . 



Kr^iBT,) ^ K„{BT,^i) 



are 



surjective. Then lirn^ {Kn{BTi)) — 0, and consequently, \un^{Kn{BBi)) = 0. This 
concludes the proof. 



3. PROOF OF MAIN RESULT 

Theorem 2. The Borel construction induces an isomorphism 

— ~ Borel^ _ ~ 

KS{pt)i, K^iBB),^ = KniBB) 

Proof: 

We define Borel^ : K^{pt) K,,{BB) in the following way: For any j we 
construct {Borel^)j : K^{pt) K^{EBj) as a pullback of a projection TTpt : 
EBj — !■ pt. By proposition 1[2] K!^{EBj) are isomorphic to Kn{BBj). So we 
get {Borel^)j : K^[pt) — ^ Kn{BBj) By propostion 3, we obtain Borel^ = 
lim{Borel^)j : K^{pt) K,,{BB). 

Let r be a maximal torus of G. By Corollary 1 of [2] exact functor V{T\pt) ^■ 
V(B; B/T) induces an isomorphism Kl{pt) = K^{B/T). Since B/T is affine space, 
we have by theorem 3 of [2] that the pullback morphism K^{pt) K^{B/T) 
is an isomorphism. Recall that BTj — s- BBj is locally trivial with strats being 
affine spaces. Then by theorem 3 of [2] pullback map Kn{BBj) — >■ Kn{BTj) is an 
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isomorphism. So we get the commutative diagram 

Borel^ 



Kn{BB) 



K^{B/T) 



" B/T 



Kr,{BB X B/T) 



Boreli 



Kn{BT) 



So, it sufhces to prove our theorem for maximal torus T. Since G is spht, 
T = Gm X ... X Gm (j times). Let us compute K^{pt) and K^{pi)i^. 
It is known that Kl{pt) = Kn{pt) 0z R{T). 

R{T) = Z[Ai . . . Xj,t]/{Xi ■...■Xj-t = l). 

/t = (1 — Ai, . . . , 1 — Aj, 1 — t). So, we have: 

R(T)j^ = ^Z[Ai, . . . , Xj,t]/{{nXi ■t-l),{l- Al)^ . . . , (1 - A,•)^ (1 - t)") = 

= ^z[i - Ai,..., 1 - A,-, l-^]/((^Ai•^-l),(l-Al)^...,(l-A,•)^(l = 

= Z[[l-Ai,...,l-A,,l-t]]/(nA,-t-l) = Z[[/xi,...,Mi,l-t]]/(n(l-Mi)-i-l) 

Since = 1 + iJ,i + iJ,f + + . . . it follows that t = n(l + A'i+Mi +• • •) Therefore 
we have 1— t=l — {l + iJ,i + ... + /ij + ...) = — (/^i + . . . + /Xj + . . .). Then 

i?(T),^ =Z[[mi,...,/x,-]]. 

Finally, we get 

K^ipt)iT = K„{pt)[[iii,. . 

Let us compute Kn{BT). 

We can choose by ET the space A°°\{0} x . . . x A°°\{0} This is contractiblc space 
with free T-action. Then ETk = A'=+i\{0} x . . . A'=+i\{0} and BTk = P*^ x . . . x P''. 
Then KniBTk) = Kn{pt)[xi . . . a;„]/(a;J, . . . , x^). 
So we have ST = P°° x . . . x P°°, And finally we get 



Kn{BT) = ]^Kr,{BTk) = Kr,{pt)[[xi . ..Xn]]. 

Borel construction K'^{pt) — > Kn{BTk) works as follows: 

Ai iH- 1 - r, 



t M- 



= (1 + xi + 



„fe-i 



)...(! + xi 



Then on K^(pt)j^. Borel construction induces an isomorphism jji i— > Xj. Let us 
prove that Kn{BT) is complete in the /r-adic topology. i?(T)-module structure 

on Kn{BT) arises from i?(r)-structurc on Ka{BT) = Z[[xi . . . x„]]. Then It ■ 
Kn{BT) = [xi, . . . ,Xn)- So, Kn{BT) is complete. This completes the proof of 
theorem 2. 



16 



Theorem 3. There is a commutative diagram of the form: 



— Borel'j; _ completioriG / „ 

(3.1) KG{pt)j^ ^ Kr,{BG),^ ^ Kn{BG) 



Ib 



Boreli, 



completionB 



K„{BB) 



Borel^ — ■ — ■ — completionn , „ „, 

^^(Pi)/, Kr,{BG),^ ^ K^{BG) 



with /3 o a = id, p^, o p* = id, and Pt, op* = id. 
Proof: 

Since EGi -> BG^ is a G-torsor, Kn{BGi) = K^{EGi). (by Proposition 1 of[2]) EG 
can be chosen as a model for the contractible space EB Proposition 1 of [2] allows us 
express all these objects in terms of G-equivariant K-theory: K^{pt) = K^{G/B) 
K^(EG,) = K^iEG, X G/B) 
So, first we construct : 



(3.2) 



KSiG/B) 
K^ipt) 



"G/B 



-^K^iEGi) 



K^{EGixG/B) 



Proposition 1 proves that this diagram commutes and TTpt* o tt*^ = id and TTEd* ° 
-K%Q. = id. Recall that K^{EGj) = Kn{BGj) , K^{EGj xG/B) = Kn{BBj), and 

KS(G/B) = K^{pt). 

Therefore we can rewrite the above diagram as follows 



(3.3) 



K^iPt) 
K^ipt) 



Kn{BG,) 



"G/B 



Kn{BBi) 



T^BGi* 



■KniBGi) 



Take the projective limit of this diagram. Recall that Kn{BBi) = Kn{BB) and by 
proposition 3 we have ]^Kn{BGi) = Kn{BG). So we get commutative diagram 
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of Kq {pt)-modu\es 



(3.4) 



Borel'z 



Kn{BG) 



lim TT^G, 



Borelt 



lim ttbG;. 



Borel'z 



Kn{BG) 



Here we still have TTpi* o 7r*( = id and lim i^EGj* ° lim tt^^ . = id. Let us denote 
= l^TiEGi* ^iid p* = ^iinTr^g.. . Recall that i?(G')-structures on Kn{BB) and 
K^{pt) are induced by i?(G)-structure on R{B). Then proposition 2 implies that 
/c-adic completions of Kn{BB) and K^{pt) coincides with /s-adic completions. 
So, by taking /c-adic completion of p.4p we obtain commutative diagram 



(3.5) 



- — — — Borel^ _ 

K^{pt)i, K^{BG) 



Ig 



BoreW 

K^ipt)i, ^K„iBB)j^ 



Borel^ - — 



with TT^ o TT* — id and pi o p* — id. Consider the commutative diagram: 



(3.6) 



K^{BG)j^^ —K,,iBG) 



p* 



^ — completiouB . , / n 

Kn{BB),^ K,,{BB) 



K^BG),^ K^iBG) 
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Set a ^ TT*f, P = and recall that K^{G/B) = K^ipt). Then by gluhig together 
13.61 and 13.51 we obtain the diagram [HT]: 



Borel^ 



■Kn{BG),^ 



BoreW 



Ib 



Borel^ 



completionc 



completion E 



completionc 



Kn{BB) 



Kn{BG) 



K^ipt)i^ " ' " ^ K,,{BG)j^ 

with /3 o a = id, jht o p* — id, and o p* ~ id. This concludes the proof. 

Theorem 1 In the following diagram both maps are Kq {pt)-modu\e isomorphisms: 

Borel^ ^ completioriG 



■Kn{BG),^ 



KniBG) 



K^{pt)ia 
Proof: 

I Ik ■■():■( 'ill 3 states that Borel^ and completionc are retracts of Borel^ and completions 

which are isomorphisms by theorem 2. Then Borel^ and completionQ are also 
isomorphisms. 
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